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Introduction 

Properties of simplicial complexes such as Cohen-Macaulayness or shellability 
can be obtained by studying the Stanley-Reisner ideal of the Alexander dual. More 
precisely, by Eagon-Reiner theorem [2] a simplicial complex, A, is Cohen-Macaulay 
if and only if the Stanley-Reisner ideal of the Alexander dual, 7a v , has a linear 
resolution. Also, a pure simplicial complex is shellable if and only if the Stanley- 
Reisner ideal of the Alexander dual has linear quotients [I]. 

For pure simplicial complexes, the following implications are known: 

shellable =^ constructible =>- Cohen-Macaulay. 

A natural question arises: Determine the Stanley-Reisner ideal of the Alexander 
dual of a constructible simplicial complex. Our paper aims to answer this question. 

The paper is structured as follows. In Section 1 we recall the notion of simplicial 
complex and some results related to this concept. 

In Section 2 we introduce the concept of constructible ideal and we relate this 
concept with the notion of constructible simplicial complex. 

Next, in Section 3 we prove that every constructible ideal has a linear resolution 
and we find a formula for the Betti numbers of a constructible ideal. 

In Section 4 we show that the polarization of a constructible ideal is a square-free 
constructible ideal. 

In Section 5 we find some properties of monomial ideals with linear quotients and 
we prove that every monomial ideal with linear quotients is a constructible ideal. 
Finally, in Section 6, we discuss some examples. 

The author would like to thank Professor Jiirgen Herzog for valuable suggestions 
and comments during the preparation of this paper. 

I. Basic facts 

First, we recall the notion of simplicial complex and some concepts related to it. 
We denote by S = k[x±, . . . , x n ] the polynomial ring in n variables over a field k. 

Definition 1.1. Let n > be an integer and [n] = {1, . . . , n}. A simplicial complex, 
A, on [n] is a colection of subsets of [n] that satisfy the following conditions: 
(a) {i} e A, for all i G [n]; 
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(b) If F E A and G is a subset of F, then G e A. 

[n] is called the vertex set of A and the elements of the simplicial complex are 
called faces . The dimension of a face, F, is denoted dim(F) and dim(F) = \F\ — 1. 
Denote by d = max{|F| : F e A}. Then the dimension of the simplicial complex 
A is d — 1. A facet of A is a maximal face (with respect to the inclusion). If all the 
facets have the same dimension, we say that the simplicial complex is pure. 

Denote by ^"(A) the set of all the facets of A. 

Let A be a simplicial complex on the vertex set [n]. Define the ideal 

J A = {x F : F i A) C S, 

where for F = . . . , i s }. Ja is called the Stanley- Reisner ideal of 

A. Also, it can be considered the Stanley- Reisner ring 

k[A] = ^himi^A, 
Fa 

The facet ideal of A, /(A), is the square-free monomial ideal generated by all the 
monomials x F = Yl x h where F is a facet of A. So, if A = (Fx, . . . , F r ), 

i£F 

1(A) = (x Fl , . . -,x Fr ). 

Definition 1.2. Let A be a simplicial complex on the vertex set [n]. The simplicial 
complex 

A v = {[n]\F : F £ A} 
is called the Alexander dual of A. 

For the simplicial complex A with the vertex set [n], let A c be the simplicial 
complex whose facets are [n] \ F, where F is a facet in A. 

If A is a simplicial complex, there exists the following relation between A v and 
A c : 

Proposition 1.3. jl] Let A be a simplicial complex. Then 

J A v = J(A C ). 

We recall the definition of a shellable simplicial complex. 

Definition 1.4. A pure simplicial complex, A, is called shellable if its facets can 
be ordered Fx, ... , F m such that, for all 2 < % < m, the simplicial complex 

(F 1 ,...,F i _ 1 )n(F i ) 

is generated by maximal proper subsets of Fj. 

To describe the connection between a shellable simplicial complex and its Alexan- 
der dual we need to recall the definition of a monomial ideal with linear quotients. 

Definition 1.5. [5] A monomial ideal I of S with the minimal system of generators 
G(I) = {«!, . . . , u r } is called ideal with linear quotients with respect to the sequence 
of monomials Ux, ■ ■ ■ , u r if, for all 2 < i < r and for all j < i, there exist / and k, 
I G {1, . . . ,n} and k < i, such that = xi and xi divides Uj/[uj,Ui) where 

we denote [uj,Ui] := gcd(uj,Ui). 
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The connection between a shellable simplicial complex and its Alexander dual is 
given by the following result: 

Theorem 1.6. [I] Let k be a field and A be a pure simplicial complex. Then A is 
shellable if and only if I^v has linear quotients. 

We say that a simplicial complex A is Cohen- Macaulay if the Stanley-Reisner 
ring, k[A], is Cohen-Macaulay. 

It is known that a shellable simplicial complex is Cohen-Macaulay over every field, 



The connection between a Cohen-Macaulay simplicial complex and its Alexander 
dual is given by the following result: 

Theorem 1.7. (Eagon- Reiner) [2J Let k be a field and A be a simplicial complex. 
Then k[A] is Cohen-Macaulay if and only if Ia v has a linear resolution. 

Definition 1.8. [§] A pure simplicial complex A is constructible if it can be obtained 
by the following recursive procedure: 

(i) Any simplex is constructible. 

(ii) If Ai and A2 are constructible simplicial complexes of the same dimension, 
d, and if Ai fl A2 is a constructible simplicial complex of dimension d — 1, 
then Ai U A2 is a constructible simplicial complex. 

It is known that all shellable simplicial complexes are constructible, [9] . Indeed, if 
A is a shellable simplicial complex with the shelling order of the facets F\, . . . , F m , 
then we can consider A x = (F 1: . . . , F m _i) and A 2 = (F m ). 

Theorem 1.9. [1J A constructible simplicial complex is Cohen-Macaulay over every 
field. 

So, for pure simplicial complexes, we have the following implications: 

shellable =>■ constructible Cohen-Macaulay. 

If we consider the connection with the Stanley-Reisner ideal of the Alexander dual 
for a pure simplicial complex, A, we have the following diagram: 

A is shellable => A is constructible ==>- A is Cohen-Macaulay 



The following question arises: how to characterize the Stanley-Reisner ideal of the 
Alexander dual associated to a constructible simplicial complex. For this, we intro- 
duce the concept of constructible ideal. 



Let S = k\ polynomial ring in n variables over a field k. 

Definition 2.1. A monomial ideal I of S generated in degree q is a constructible 
ideal if it can be obtained by the following recursive procedure: 
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2. Constructible ideals 
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(i) If u is a monomial in S and I = (u), then J is a constructible ideal; 

(ii) If ii, I2 are constructible ideals generated in degree q and l\ fl I2 is a con- 
structible ideal generated in degree g + 1, then I\ + I 2 is a constructible 
ideal. 

We note that the recursion procedure will stop because if the ideal / has the 
minimal system of generators G(I) = {u±, . . . , u r } and, if we consider I — I\ + J 2 , in 
ii H I2 the generators can contain each variable to a power which is less or equal to 
the maximal power to which that variable appears in all the generators of /. Let 
be the maximum of the exponents of the variable Xi in the generators of / and let 
a = (ai, . . . , a n ). The recursion procedure will stop after at most |a| := a x + . . . + a n 
steps. 

The above remarks show that we could consider also the following definition of 
the constructible ideals. 

Let a = (ai, . . . , a n ) G Z" . We denote 

M* = {xX 1 ...x b n n : < bi < at for all 1 < % < n} 

and 

= {I : I monomial ideal of S with G(I) C Aia}- 
By G(I) we mean the minimal system of generators of the monomial ideal /. We 
set |a| = ai + . . . + a n . 

We note that, if /, J G J*, then I C\ J <E 

Definition 2.2. Let / G be a monomial ideal generated in degree q. I is an 
a— constructible ideal if it can be obtained by the following recursive procedure: 

(i) If u G M.& and I = (u), then / is an a— constructible ideal; 

(ii) If ii, ^ £ Ja are a— constructible ideals generated in degree q < |a| and 
ii fl I2 G Ja is an a— constructible ideal generated in degree q + 1, then 
ii + J 2 is an a— constructible ideal. 

Note that an 1— constructible ideal is a square-free monomial ideal, where 1 = 
(1,...,1)GZV 

It is also important to notice that the only principal ideal in generated in degree 
|a| is / = (xi 1 • . . . • x" n ). This observation justifies that the recursion procedure of 
the above definition eventually terminates. 

It is obvious that a monomial ideal / is a constructible ideal(in the sense of 
Definition 2.1) if and only if / is an a— constructible ideal, for some a G Z" . 
Although Definition 2.2 looks more technical, it will turn out that it is very useful 
in the proofs. 

Theorem 2.3. Let A be a pure simplicial complex on the vertex set[n] = {1, . . . , n}. 
The following are equivalent: 

(a) A is constructible. 

(b) Jav is a square-free constructible ideal . 

Proof Actually, we show that A is a constructible simplicial complex if and only if 
Ja v is an 1— constructible ideal. 
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"(a) =>- (b)" We use induction on the dimension of A. 

If dim(A) = 1 the statement is obvious. In this case, A is a Cohen-Macaulay 
simplicial complex; thus is connected. 

Let A be a d— dimensional constructible simplicial complex. We prove by induc- 
tion on the number of facets of A that Ja v is an 1_— constructible ideal. 

If A is a simplex, A = (F), we have that Ja v = (xf^) and it is an 1 — constructible 
ideal, by definition. 

Let A be a d— dimensional constructible simplicial complex with the facet set 
JF(A) = {Fi, . . . , F r }, r > 2. Since A is constructible, there exist two d— dimensional 
constructible subcomplexes A 1 and A 2 such that A = A x U A 2 and Ai D A 2 
is a {d — 1)— dimensional constructible simplicial complex. Since Ai and A 2 are 
d— dimensional constructible simplicial complexes with at most r — 1 facets, 1^ and 
are 1— constructible ideals generated in degree n — d — 1. 

Since Ia^H/a^ = -f(AinA 2 ) v and AiflA 2 is a (d—1)— dimensional constructible sim- 
plicial complex, by the induction hypothesis we have that Ia^Ia^ is an ^—construc- 
tible ideal generated in degree n — d and hence Ja v = Ia^ +-^a^ is an 1— constructible 
ideal. 

"(6) =>- (a)" We use descending induction on the degree of the monomials from 
the minimal system of generators of the monomial ideal I . 

If I — (xi . . .x n ), then I = I{{$}) and ({0}) v is the n— simplex, hence is a con- 
structible simplicial complex. 

Let I be an 1— constructible ideal generated in degree q < n. We use induction 
on the number of monomials from the minimal system of generators of the ideal I. 

If u G M.\ and I = (u), then let A be such that 7a = (u) and let F = supp(w). 
Then A v is the simplex generated by F c and it is a constructible simplicial complex. 

Let I be an 1— constructible ideal with = r, r > 2, generated in degree q 

and let T be the simplicial complex such that I — I r . We have I — ii + 1 2: with 
Ii, J 2 1— constructible ideals generated in degree q and I\ fl J 2 is an 1— constructible 
ideal generated in degree q + 1. Let r 1; T 2 be simplicial complexes on the vertex 
set [n] such that In = h and 7r 2 — h- 

Since 7 r = 7 ri + h 2 we have that r = Y 1 n T 2 and r v = Y\ U Y y 2 . We have to 
prove that T v is a constructible simplicial complex. 

By induction hypothesis, Y\, r 2 are constructible simplicial complex of dimension 
n — q — 1. 

Since I\ fl I 2 — 7n H Ir 2 = ^(r^nr^) v , by the induction hypothesis we have that 
r^nr 2 is a constructible simplicial complex of dimension n—q—2. So T v = r^ur 2 is 
a (n—q—l)— dimensional constructible simplicial complex, which ends our proof. □ 

Now we can complete the diagram for pure simplicial complexes and the connec- 
tions with the Stanley-Reisner ideal of the Alexander dual: 

A is shellable A is constructible A is Cohen-Macaulay 

t t t 

Ja v is an ideal with Ja v is a constructible =^> I&y is an ideal with a 

linear quotients ideal linear resolution 
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3. Properties of constructible ideals 

In this section we prove that every constructible ideal has a linear resolution and 
we compute the Betti numbers of a constructible ideal. 
For this, we shall need the following two lemmas. 

Lemma 3.1. [S] Let R be a standard graded k- algebra and 

-> M' -> M -> M" -> 

6e an exact sequence of ' Z- graded R-modules. If M' and M" have q— linear resolu- 
tions, then M has a q— linear resolution. 

Lemma 3.2. Ze£ R be a standard graded k- algebra and 

-> M' -»• M -> M" -»■ 

oe an exact sequence of Z-graded R-modules. If M' has a (q + 1) — linear resolution 
and M has a q— linear resolution, then M" has a q— linear resolution. 

Proof. The exact sequence 

-> M' -> M -> M" -> 

yields the exact sequence 

. . . - Torf (M', - Torf (M, fc)< +j - Torf (M", fc) i+i - 

- Tor* ^M', fe) i+i ^ Torf^M, k) i+j . . . 

Since M has a g— linear resolution, Torf (M, k)i+j = for all j ^ q. For the same 
reason, Torf (M', k) l+j = for all j^q+1. 

We get that Torf (M", k) i+j = for all j ^ q, thus M" has a g— linear resolution. 

□ 

Theorem 3.3. Let S = k[x\, . . . , x n ] be a polynomial ring over a field k and I be a 
constructible ideal of S generated in degree q. Then I has a q— linear resolution. 

Proof. Let a e Z" such that / is a— constructible. We use descending induction 
on the degree of monomials from the minimal system of generators of the monomial 
ideal /. 

If / = (x^ 1 . . .x^™), I has an |a|— linear resolution. 

Let q < |a| and / G 3& be an a— constructible ideal generated in degree q. Now we 
use induction on the number of monomials from the minimal system of generators. 

If u G A4a, deg(n) = q and / = (u), then / has a q— linear resolution. 

Let / be an a— constructible ideal generated in degree q with G(I) = {u\, . . . , u r }, 
r > 2. There exist a— constructible ideals I\ and I2, generated in degree q, such 
that I = Ii + 12 and I\ R I2 is an a— constructible ideal generated in degree q + 1. 
By induction hypothesis, I\ and I2 have q— linear resolutions and I\ n I2 has a 
(q + 1)— linear resolution. From the exact sequence 

-> h -> h © I 2 -> I 2 -> 
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we have, by Lemma 3.1, that I\ © I 2 has a q— linear resolution and from the exact 
sequence: 

-> h n 7 2 -> A © ^2 -> A + h -> 0, 
ii + / 2 has a g— linear resolution, by Lemma 3.2. So / has a g— linear resolution. □ 

Corollary 3.4. Let I be a constructible ideal generated in degree q and let I\ and 7 2 

be constructible ideals generated in degree q such that I\ D I2 is a constructible ideal 
generated in degree q + 1 and I — I± + I 2 . Then 

= + A(/ 2 ) + n J 2 ). 

Proof. The exact sequence 

-»• Ji n i 2 -»• A e h -»• A + -»• 

yields the exact sequence 

-> Tor^/i © J 2 , -> Tor^/i + I 2 , -> Tor^^/i n I 2 , k) i+q -> 0. 
From this sequence we get: 

= A(A©/ 2 ) + A-i(/in/ 2 ). 

and, next, 

= + A(/ 2 ) + &-i(Ji n J 2). 

□ 

4. Polarization of constructible ideals 

We prove that the polarization of a constructible ideal is a square-free con- 
structible ideal. 

In the polarization process, homological properties of a monomial ideal are pre- 
served. Since the polarization of a monomial ideal is a square-free monomial ideal, 
we can apply specific techniques suited for these classes of ideals. 

First we recall the notion of polarization of a monomial ideal and some concepts 
related to it, following [7]. 

Let S = k[xi, . . . ,x n ] be a polynomial ring in n variables over a field k and 
u = Xi 1 . . . x" n be a monomial of S. The polarization of u is the monomial 

n at 
i=l j=l 

where u p G k[x u , . . .,x lai ,. . .,x nl , . . . ,x na J. 

Let / be a monomial ideal of S and Ui, . . . , u m be a system of monomial generators 
for /. Then, the ideal generated by monomials u\, . . . , u v m is called a polarization of 
/. Since the polarization seems to depend on the system of generators, we consider 
another system of monomial generators, V\,...,Vk, for the monomial ideal /. Let 
S' be a polynomial ring with suficiently many variables such that for all 1 < i < m 
and all 1 < j < k, and Vj are monomials in S'. Then {u\, . . . , w£j = (ff, . . . , v^) 
in 5". So we note that, in a common polynomial ring extension, all polarizations of 
a monomial ideal are the same. It follows that we can denote any polarization of a 
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monomial ideal I by P. If / and J are two monomial ideals of S, we write I p = J p 
if a polarization of / and a polarization of J coincide in a common polynomial ring 
extension. 

Proposition 4.1. Let I be a constructible ideal of S . Then I p is a square-free 
constructible ideal. 

Proof. Let a G Z™ such that / is a— constructible. We use descending induction 
on the degree of monomials from the minimal system of generators of the monomial 
ideal /. 

If / = (x" 1 . . . ) , then I p is a principal square-free monomial ideal, hence is an 
1— constructible ideal. 

Let / G be an a— constructible ideal generated in degree q < |a|. We use 
induction on the number of monomials from the minimal system of generators of 
the ideal /. 

If u G .Ma, deg(-u) = q and I = (u), the statement is obvious. 

Let / G J7a be an a— constructible ideal generated in degree q with = r, 

r > 2. There exist Ii, I 2 G a— constructible ideals generated in degree q such 
that I = Ii + I 2 and I\ H I 2 is an a— constructible ideal generated in degree q + 1. 
By induction hypothesis If, l\ and If D if = (ii PI I 2 ) p are 1— constructible ideals. 
Hence, I p is an 1_— constructible ideal. □ 



5. Ideals with linear quotients 

In this section we describe the relation between monomial ideals with linear quo- 
tients and constructible ideals. 

Proposition 5.1. Let I be a monomial ideal of S with linear quotients. Then I is 
a constructible ideal. 

Proof. We prove by induction on the number of monomials in the minimal system 
of generators. 

If u is a monomial in S and I = (u) , then / is a constructible ideal, by definition. 

Let / be a monomial ideal, G(I) = {ui, . . . ,u r }, r > 2, be its minimal system 
of generators and assume that / has linear quotients with respect to the sequence 
u r . Denote l\ = (ui, . . . , u r -i) and I 2 = (u r ). Ii, I 2 are constructible ideals, 
by induction hypothesis. 

h n I 2 = (uiU r /[ui, u r ]\ 1 < i < r - 1) = (x h u r , . . . , x k u r ), 

for some U G {1, . . . , n}, 1 < i < t, t < r — 1. The last equality holds since the 
ideal I has linear quotients. So l\ fl I 2 is a monomial ideal with linear quotients with 
at most r — 1 monomials in the minimal system of generators. By the induction 
hypothesis, we have that I\ fl I 2 is a constructible ideal and then / is a constructible 
ideal. □ 

In [5], the Betti numbers of an ideal with linear quotients are computed. Namely, 
for an ideal / with linear quotients, with respect to the sequence fx, . . . , f s , we denote 
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by I k = (ft, ...,f k ) and L k = (/].,..., f k _ t ) : (f k ). If r k is the number of generators 
of the ideal L k , then 

aw=E(?)- 

fc=2 V 7 

We may obtain this formula in the next proposition. 

Proposition 5.2. Let I be a monomial ideal of S, G(I) = {ui,...,u m } be its 
minimal system of generators and assume that I has linear quotients with respect 
to the sequence u\, . . . , u m . Denote I k = (ui, . . . , u k ) and let r k be the number of 
generators of the monomial ideal : (u k ). Then 

m = ± ( 7 ) , 

k=2 V 7 

/or all i > 1. 

Proof. Since is a monomial ideal with linear quotients with respect to the sequence 
Ui, . . . , u k , by Proposition 5.1, I k is a constructible ideal. 
By Corollary 3.4, 

= + + n (u fc )) (*) 

for all jfe > 2, z > 1. 

The multiplication by u k defines an isomorphism between I k ^i : (u k ) and I k _\ D 
(uit). Therefore 

n(w fc ))| = |Gf(J*_i:(u fc ))|=r fc . 

Since has linear quotients, the ideal I k _\ : (u k ) is generated by a regular sequence 
of length r k , and then 

: («fe)) = 

Summing in (*) for k = 2, 3, . . . , m, we get 

TO 

k=2 k=2 

□ 

Proposition 5.3. Let I = (ui, . . . , u r ) be a monomial ideal of S. Then I has linear 
quotients with respect to the sequence ui,...,u r if and only if P has linear quotients 
with respect to the sequence vJ{, . . . , v%. 

Proof. Let 2 < k < r. By [ [7], Lemma 3.3] (u\, . . . ,u k -i) '■ u k is a prime ideal if 
and only if (itf , . . . , u p k _^) : u p k is a prime ideal. Since any monomial prime ideal is 
generated by a sequence of variables, the statement follows. □ 
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6. Examples 

Now we discuss some examples. 

Example 6.1. The following example of constructible and non-shellable simplicial 
complex is due to Masahiro Hachimori [3]. 




The simplicial complex is constructible because we can split it by the bold line 
and we obtain two shellable simplicial complexes Ai, A2 of dimension 2 whose 
intersection is a shellable 1— dimensional simplicial complex. 

The shelling order for the facets of the simplicial complex Ai is: 

{0, 3, 9}, {2, 3, 9}, {2, 8, 9}, {2, 3, 8}, {0, 3, 8}, {0, 7, 8}, {0, 3, 7}, {2, 3, 7}, {2, 6, 7}, 

{5, 6, 7}, {5, 7, 8}, {4, 5, 8}, {4, 8, 9}, {0, 4, 9} 

For the simplicial complex A2, the shelling order of the facets is 

{0,1,4}, {1,2,4}, {2,4, 5}, {1,2,5}, {0,1, 5}, {0,5,6}, {0,1, 6}, {1,2, 6} 

Ai n A 2 is the simplicial complex ({0, 4}, {4, 5}, {5, 6}, {2, 6}). 
For the Alexander dual of Ai, the Stanley- Reisner ideal is 

I ay — (X1X2X4X5XQX7X8, X0X1X4X5XQX7XS, 

XqXiX^X^XqXiXq, X\XiX 4X5X5X7X9, X1X2X3X 4X5X5X9, 
XiX2X4X5XgXgXg, X()XiX4X5XgX 8 Xg, X0X1X3X4X5X8X9, 
X0X1X2X3X4X8X9, XoXiX 2 X3X4X 6 X 9 , XoXiX 2 X 3 X 6 X 7 X9, 
XoXiX2X3X 5 X 6 X7, XiX 2 X 3 X5X 6 X7X 8 ) . 

The Stanley- Reisner ideal for the Alexander dual of A 2 is: 

I&Z = (x 2 X 3 X 5 XqX 7 X s X 9 , X X 3 X 5 XqX 7 X s X 9 , XoXiX 3 X 6 X 7 X 8 X 9 , 
XoX3X4XgX 7 XgXg, X 2 X3X4XgX 7 XgXg, XiX 2 X3X4X7X 8 Xg, 
X2X3X i X 5 X 7 XsXg, ^0X3X4X5X7X8X9) . 

The ideals i^v and I&v have linear quotients by Theorem 1.6. 

Ia\ n 7 A v = /(A,nA 2 )v = (XiX 2 X 3 X 5 X 6 X7X 8 X 9 , X XiX 2 X 3 X 6 X7X 8 X 9 , 

XoX 1 X 2 X 3 X4X7X 8 X9, XoXiX3X4X5X7X 8 Xg) . 
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I ay n Ia v has linear quotients by Theorem 1.6. The ideal Ja v = -^a^ + -^a^ is a 
square-free constructible ideal and Ja v does not have linear quotients since A is not 
shellable. 

Example 6.2. We consider now the Dunce Hat. It is known that the Dunce Hat 
is Cohen-Macaulay, but it is not constructible [3]. 
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X2X^XQX^Xgj X2X^X^X^Xg^ 2223242728, 2223242526, 
XiX/^X^XiXg, XiX^X^XQXg, X1X4X5XQX7 , X1X3XQX7XQ, 
X l X 2 X 5 X 6 X 7 , XiX 2 X 4 X 5 X 8 , XiX 2 X 3 X 7 X 8 , x l x 2 x 3 x 5 x 7l 
XlX 2 X 3 X 4 X 5 ) 

and it is not a constructible ideal, but it has a linear resolution. 
Example 6.3. Let / 6 k[xi, . . . , x§] be the monomial ideal 

I = (xiX2X5XeX 7 Xs, x\x 3 X^XqXt ^ x\x 3 X^XqXt, Xix\x 3 XqX-j , X2X3X4X5X7X8, 

2^23242728, X1X2X3X4X7X8, 2123X4X7X8, 2^23242523, 212324262723, 212425262723, 

2i2425262s, x\x2XiX<jX$ n 212^252628, 2123232623, x\x\x 3 Xq, x\x\x^X%^ x\x2X^XqXt, 

2^22242527, x\x\x±xz,) 
Then I = Ji + J2, where 

il = (2i22252 6 2 7 28, 222 3 2 5 262728, 222 3 2 5 2 6 27, 2^23242627, 2i222 3 2 6 27, 222324252723, 
2^23242728, 2i2 2 2 3 242728, 2i232 4 2 7 2 8 , 2i232 4 2 5 28, 2i2324262 7 2 8 , 2i242 5 262 7 28, 
2i2 4 2 5 262 8 , 2i22242 5 2 8 ) 

and 

h = { x l x 2 x b x G x S- l x l%2 X 3 x 6 x &i x l x 2 X 3 x 6i x l x 2 X 5 X 6i xlx 2 X 5 X 6 X 7 , x\x2X^X^X-j, x\x\x^X^) 
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with 

II H I2 — (xixIx^XqXjXs, XIX2X5XQX7X8, x\x2X^X^XjX^^ x\x\x^X^X^ X\x\x$XGX>tX%, 

Since Ji, I2 are monomial ideals with linear quotients generated in degree 6, and 
Ji fl I2 is a monomial ideal generated in degree 7 with linear quotients, / is a con- 
structive ideal. 

Let A = A x U A 2 be the simplicial complex, presented by Ziegler, with 10 vertices 
and 21 facets [ID] : 

Ai : {1,2,3,4}, {1,2,4,9}, {1,4,8,9}, {1,5,8,9}, {1,4,5,8}, {1,2,6,9}, {1,5,6,9}, 
{1,2,5,6}, {2,5,6,10}, {2,6,7,10}, {1,2,5,10}, {1,2,3,10}, {2,3,7,10}, {2,3,6,7} 
A 2 : {1,3,4,7}, {1,4,5,7}, {4,5,7,8}, {3,4,7,8}, {2,3,4,8}, {2,3,6,8}, {3,6,7,8}. 
This simplicial complex is constructible, but non-shellable [10j . 

The polarization of J, I p , in the polynomial ring k[xi, xi t i, X2, £2,1, £3, ■ ■ ■ , xs], 
with xi t i = xg and £2,1 = Xxo, is the Stanley- Reisner ideal of the Alexander dual 
associated to the above simplicial complex. Then, the ideal / does not have linear 
quotients, by Proposition 5.3. 

It would be interesting to find a large class of constructible ideals which does not 
have linear quotients. 
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